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ABSTRACT 

Furstenberg has conjectured that the only continuous probability measure on 
the circle T = P.dZ which is invariant under both x ~,2x and x ~ 3x is 
Lebesgue measure. We shall show that under additional hypotheses, this is 
true. We also discuss related conjectures and theorems. 

§1. Introduction 

For any integer n, let Tn : x ~-> nx denote the indicated endomorphism of the 
circle group T = R/Z. A set E C T is called T:invariant if Tn(E) c E. Fursten- 

berg [2] showed that the only infinite dosed set which is both T2- and 

T3-invariant is the whole circle. Indeed, more generally, call S c Z a nonlacun- 
at?/semigroup if  S is a multiplicative semigroup whose positive elements are 
not contained in any singly-generated semigroup m for example, S = 
{2m3~: m, n > 0}. A set is S-invariant if  i't is T: invar iant  for all n ES .  
Furstenberg showed that whenever S is a nonlacunary semigroup, the only 
infinite dosed set which is S-invariant is the whole circle. Now two nonzero 
integers are called multiplicatively independent if they generate a nonlacunary 
semigroup, i.e., i f  their absolute values are not both powers of  the same integer. 
Furstenberg has made the following conjecture, which is clearly stronger than 
the above theorem. 

Let p and q be multiplicatively independent. I f  E is any infinite 

(C1) closed T:invariant set, then TiE --, T in the Hausdorff metric. 
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Note that Furstenberg's theorem on S-invariant sets is equivalent to an 
assertion about measures. Indeed, recall that a Borel probability measure g is 
said to be T~-invariant if It = Tnit, where (T~g)(E) - -g (T ;  rE) for all measur- 
able E. Thus, Furstenberg's theorem states that every continuous S-invariant 
measure has full support (i.e., supp It = T) if S is any nonlacunary semigroup. 
He has conjectured, in fact, that 

(C2) 

The only continuous S-invariant (probability) measure is 

Lebesgue measure, 2, i f  S is a nonlacunary semigroup. 

Similarly, (C I) is equivalent to the conjecture that if It is T o- invariant, then 
supp Tgit - -T.  Furstenberg has again made the stronger conjecture that 

(C3) 

I f  p and q are multiplicatively independent and It is any 

continuous To-invariant measure, then T~q it ~ 2 weak*. 

We may formulate similar conjectures which do not involve invariance: Let 
M2 (T) denote the continuous probability measures. 

(C4) 

f l l t  ~ M )  (T) and S is a nonlacunary semigroup, then 

3 nk~S tending to oo such thatfi(nk)--.O. 

(c5) 

I f#  ~M~ (T) and S is a nonlacunary semigroup, , .  
then 3 nk ~ S  such that T~,# ,2 .  

Clearly (C5)~(C4)~(C2) .  In fact, (C4)~(C5) as follows. Given It E 
M~ (T), apply (C4) to the measure Z~_<S<k Ts(B * ~) tO obtain an nk E S  satisfy- 
ing I/~ (jnk) [ < k -  t for 1 < j <-_ k, where/~ (E) = # ( - E ). This sequence { nk } is 

w. 
then such that Tn~# , A. Also, one is almost able to conclude that (C2)=, 
(C5) by considering a weak* limit point, v, of 

T , ( ~ , f i ) / .  ~ 1, 
nES'  nES'  
n<N n<N 

where S' is any nonlacunary subsemigroup of S generated by two positive 
integers. Then v is S'-invariant, but, unfortunately, not necessarily continuous. 

We note, in any case, that (C4) and (C5) are true when S -- Z. Here we shall 
establish special cases of conjectures (C1), (C2), and (C3). 

We thank Bernard Host and Francois Parreau for useful discussions. 
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§2. Exact measures 

Recall that a measure/z is called T-exact (or K-mixing for T) if 

VgEL2(/z) lira sup [(Tnf, g ) - ( f ,  1)(1 ,g) l  = 0 ,  
n~oo fEL2(.u) 

nfU2<l 

where ( f ,  g)  denotes f fg d#. Observe that (Tnlz) ^(r) = li(nr). Thus, if # is 
T~- exact, then 

V b ~ Z  lim sup I/i(ap ~ + b)- l i (a): t (b)J  --O. 
r t ~ o 0  a E Z  

THeOReM 1. Let #EM~(T)  be S-invariant, where S is a nonlacunary 
semigroup generated by relatively prime integers p, q.. I f  lZ is Tp-exact, then 
lt = ,L 

We require two lemmas concerning elementary number theory. 

LEMMA 2. Let p, q > 1 be relatively prime. There exis tA,  d, L with L > 2 
and (d, p ) =  1 such that 

qa = dpL + 1. 

PROOF. Choose Al and do so that qa, = dop2 + 1 and write do -- d~p t with 
p [ dl. If  (dl, p) = 1, we are done. Otherwise, choose Pl so that d~Pl = d~p with 
(d6, p) < (d~, p). Put A2 = p~A~, so that for some d', d2, 

qa2 = (dlp2+l + 1)v, = d,p4+21 + d~p3+l + 1 

= d2p 3+1 + 1. 

Since (d2, p) - (d~, p) < (d~, p), we can repeat this process until, after a finite 

number of steps, we obtain the desired equation. • 

LEMMA 3. Let p, q > 1 be relatively prime and let A be the smallest positive 
integer such that d and L exist satisfying Lemma  2. Then for all I > L,  the order 
o f  q modulo pt is pl-LA and qX-~b ( m o d p  t) has a solution in x i f f  q ~ - b  
(mod pZ ) does. 

Let rt denote the order of q modulo pl. We have, by induction on 

(1) qp'-LA = de pt  + 1, (dr, P) -- 1. 

Hence rt ] pt-ZA. Furthermore, i fp t -LA = rtst, let 

qr, = df pl + 1. 
Then 

PROOF. 

l > L,  that 
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(2) qr,~, = d~ p2t + sz df pt + 1. 

Comparison with (1) shows that (dr, p) -- 1. When 1 - - L ,  this means that 
rL -- A by choice ofA.  Thus, for l > L, we have A = rL [ rl. But comparison of  
(2) and ( l ) also shows that (sl, p) = 1, whence from pl - z A = rtsl, it follows that 
sl = 1. Thus r~ = pt-ZA and the rest of the lemma follows easily. • 

When p is prime, Lemma 3 is a familiar fact in p-adic number theory. 

PROOF OF TnEORFM 1. We may deafly assume thatp and q are positive. By 

Lemma 3, there exists a sequence of  integers nj ~ ~ (j _-> L) such that 

q~J----- f f  + 1 (rood pEj). 

Write 
q~J =diP 2j + pJ + 1. 

Then for all m E Z, 

[a(m) -- fl(mqnJ) = fl([mdAo ° + m]p  j + m)  

= !im i~(rndA~ s + m)l~(m) 

Therefore, if/2(m) ~ 0, we obtain 
1 = fl(m) lim/~(mdj). 

j - - ~  

But l/2 J _-< 1, whence [/~(m) [ = 1. I fm  ~ 0, this implies tha tg  is discrete. Thus 
/2(m) -- 0 for all m ~ 0 and/z = 2. • 

Under  similar hypotheses, we can prove a weak version of Conjecture (C3). 

TnF.ORV.M 4. Let  p, q > 1 be relatively prime integers and let # ~Mc~(T) be 

Tl,-exact. Then there exist nj oo (j > L)  such that T~qJlZ w. 

PROOF. Choose nj ~ ~ (j > L) such that 

qnj_--pjtj-o + pit/-2) + . . .  + pJ + 1 (mod pJ'). 

Then with appropriate d i, we have for all m ~ Z, 

lim li(rnqn~) -- !im f l (md.~ ~ + m p  i~- o + . . .  + m f f  + m)  
j~oo J ~  

=12(m) !im f l (md~O-°  + mff ~-2) + . . .  + m) 
J~aO 
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= f i ( m )  2 l im/~(md.~ ¢/-2) + mp iq-3) + . . .  + m) 
j ~ o o  

~ • o ° 

Therefore limj_®lfi(mq~)l < Ifi(m)l t for any given I. Since I/~(m)l < 1 for 
m ÷ 0, it follows that l im j_®/ i (mq~)=0  for m ~ 0. In other words, 

w* 

T~Jit , 2. • 

For many specific measures, such as infinite convolutions and Riesz pro- 
ducts, we may obtain the full conclusion of (C3). Let e(x) denote e 2~. 

TnEORF.M 5. Let p, q be multiplicatively independent and let v EM2 (T) be 
Tp-invariant and To-exact. Suppose that i f  {e(m~x)}j>t is any sequence not 
converging to zero weak* in L ~(v ), then there is a subsequence {m]} of{mr} and 

W* 
integers b, aj, nj such that nj ~ 0o and m] = a~pnJ + b. Then T~ # , ;t for any 
probability measure It absolutely continuous with respect to a measure o f  the 

form ~(t) • Try f rET ,  rEZ*) .  

See Lyons [3] for a discussion of measures satisfying these hypotheses. As a 
consequence, for example, if E is any subset of  the Cantor middle-thirds set 
having positive Cantor-Lebesgue measure, then T~E ---, T. 

PROOF. Let { nj } be any sequence such that for every r ~ Z, {e( - rqn, x)}j >_.l 
has a weak* limit in L~(It), call it #x(r). It was shown in Lyons [3] that ax = 2 
It-a.e. unless a subsequence {n]} of  {nj} exists with qn; of the form 

K 

q~; _- ~ akP ~°', 
k = l  

where K a n d  a ~ , . . . ,  ar  are fixed. But Senge and Straus [7] (see also Stewart [8]) 
have shown this to be impossible. Therefore ax = 2  It-a.e. and thus 

w* w* 
e( - rqnx) , 0  in L~(It) for r ~ 0. Integration shows that T~It , 2 .  • 

It is interesting to note that if Conjecture (C3) is true, then we may obtain 
the number-theoretic fact used in the proof  of  Theorem 5 merely by applying 
Theorem 1 of Lyons [3] to the measure 

I t  = • + 
k > l  

This is quite surprising, in view of  the fact that Senge and Straus used methods 
from transcendence theory. 

Theorem 5 suggests an additional conjecture: 



224 R. LYONS Isr. J. Math. 

If  S is a nonlacunary semigroup and /z EMct (T), then there is a 
sequence {nk}CS such that for all vEM~(T) with v<~#, 

W* 
Tnv , 2 .  Equivalently, given S and~z, there is { n k } C S such 

(C6) that for r v~ O, e( - rnkx)-" 0 weak* in L®(/Z). 

Again, (C6) is known when S -- Z (Lyons [4]). 
A similar possibility was mentioned to us by Benjamin Weiss: 

Let p and q be multiplicatively independent positive integers. I f  
/Z EM~(T) is Tp-invariant, then/z-a.e, x is normal in base q; 
i .e . , for r 4 0 ,  

1 K 
(C7) r-~lim Kk~- ~ e( -- rqkx) = D /z-a.e. 

This conjecture has been established for certain infinite convolution mea- 
sures and Riesz products (Schmidt [6], Pearce and Keane [5], Brown, Moran 
and Pearce [ 1 ]). 
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